Abstract This paper presents a modified projective synchronization of two identical or different hyperchaotic systems using an active control technique. The designed controller is applied to synchronize a new 4-D chaotic system with identical structure and to achieve synchronization between hyperchaotic Lü system and the new hyperchaotic system. Numerical simulation shows the effectiveness and feasibility of the proposed method.
Introduction
Since Pecora and Carroll [1] synchronized two identical chaotic systems with different initial conditions, the research of chaos synchronization has been intensively studied in last two decades. As a result, enormous methods for achieving synchronization has been proposed such as PC method [1] , OGY method, active control, parameter adaptive method, observer method, and coupling control [2] , sliding mode [3] ,etc.
However, to our best knowledge, some of the aforementioned methods are primarily concerned with the synchronization of chaotic systems with low dimensional attractor, characterized by one positive Lyapunov exponent. Because of chaotic systems with higher dimensional attractor generating more complex dynamics, it is believed that hyperchaotic systems have much wider applications. Recently, hyperchaotic systems were also considered with quickly increasing interest. Hyperchaotic system is usually classified as a chaotic system with more than one positive Lyapunov exponent. Synchronization strategies of hyperchaotic systems have been investigated in [4] [5] [6] .
Moreover, many new types of chaos synchronization have appeared in the literatures, such as complete synchronization (CS), phase synchronization (PS), lag synchronization (LS), and generalized synchronization (GS), projective synchronization [7] , etc. Recently, generalized projective synchronization (GPS) which has a more general form of synchronization has been studied [8] . CS and anti-synchronization are the special cases of the generalized projective synchronization (GPS) where the scaling factor 1, 1, α α = =− respectively. Very recently, Li [9] introduced a modified projective synchronization (MPS), where the responses of the synchronized dynamical states synchronize up to a constant scaling matrix. In [4, 10] , the complete synchronization of identical or different is investigated. However, the speed of synchronization can not be adjusted. In this paper, we study the modified projective synchronization which takes complete synchronization as subclasses and the convergence of error states can be adjusted by control gains. 1 To whom any correspondence should be addressed.
This work is involved with the MPS of two identical new hyperchaotic systems proposed by Qi, also the active control method is applied to achieve MPS of hyperchaotic Lü system and new hyperchaotic system.
System description
Recently, Qi et al. [11] developed a new four -dimensional (4D) continuous autonomous chaotic system, in which each equation in the system contains a 2-term cross product. Bifurcation analysis further shows that the new hyperchaotic system has very rich bifurcations in different directions and extremely complicated dynamics. The hyperchaotic system is given by 
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Formulation
Now, we assume that we have two identical new hyperchaotic systems where the drive system with the subscript 1 drives the response system having identical equations denoted by the subscript 2. Therefore, we define the drive and response systems as follows respectively, and   2  2  1  2  2  2   2  2  2  2  2   2  2  2  3  2  2   2  2  2  2  2 ( )
We have introduced four control functions ( 1,2,3,4) (4) 
Substituting (6) in (5) 
Thus, the system (7) to be controlled is a linear system with the control input function as functions of the error states and . When the error system 1 2 3 4 [ , , , ]
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where is the control gain. In this particular choice, the closed loop system (8) has the eigenvalues . This choice ensures that the error states and converge to zero as time t tends to infinity and this implies that the MPS of two identical new hyperchaotic systems is achieved.
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Numerical simulation results
Numerical simulations results are presented to demonstrate the effectiveness of the proposed synchronization method. Fourth order Runge-Kutta integration method is used to solve systems of differential equations (3) and (4) , and , 
Formulation
In this section, the hyperchaotic Lü system is considered as the drive system described by 
Meanwhile, the new hyperchaotic system is taken as response system (4). Let the error states between the drive system (8) and the response system (4) are defined by 1 2
Thus, we obtain the error system 
where is the control gain. The closed loop system
( 1,2,3,4) i i k = (9) has the eigenvalues , , , σ ρ β γ − − − − in this choice. Therefore, the error states and converge to zero as time tends to infinity and this implies that the MPS of two different hyperchaotic systems is achieved. 1 2 3 , , e e e 4 e t Remark. In [4, 10] , M.T.Yassen and U.E.Vincent studied the complete synchronization of hyperchaotic systems using active control. However, the speed of synchronization can not be adjusted.
In this paper, modified projective synchronization which takes complete synchronization and generalized projective synchronization as subclasses is investigated. Moreover, the speed of convergence can be regulated by the control gains designed in the controllers. . Fig.3 displays the dynamics of synchronization errors for the drive system and response system. This confirms the two different hyperchaotic system can be synchronized in the sense of MPS. 
Conclusion
This work is concerned with the MPS between two identical hyperchaotic systems and of two different hyperchaotic systems via active control technique. The designed controller is applied to synchronize two identical hyperchaotic systems. Moreover, the active controller is applied to achieve synchronization between hyperchaotic Lü system and new hyperchaotic system. Numerical simulation shows the effectiveness and feasibility of the proposed method.
